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Introduction and description of the methodology

The aim of this report is to describe a methodology to provide a daily prediction of the number of
deaths in Spain in the Covid-19 coronavirus pandemic based on a SEIR model adjusted with the official
data provided daily by the Instituto de Salud Carlos III [10]. In any case, the methodology is equally
applicable to the temporal prediction of other parameters of the pandemic, such as the number of people
infected, hospitalized, admitted to ICU or recovered, both in the whole of the national territory and
broken down by Autonomous Communities, with only the adjustment of the different parameters of the
model being adapted.
To establish the notation, we start with a time series f1 , · · · , fT ∈ [0, +∞), so that fi is the number of
deaths up to day i (included) of the pandemic, according to data provided daily by the Instituto de Salud
Carlos III [10]. Based on this data, we want to predict the f˜T +1 , · · · , f˜T +k ∈ [0, +∞) corresponding
to an estimate of the number of deaths in days T + 1, · · · , T + k respectively, with fixed k ∈ N. The
following steps will be followed:
1. A mathematical model of epidemic spread based on differential equations of the SEIR type (a
variant of the classical SIR model) is constructed to fit the f1 , · · · , fT ∈ [0, +∞) of the official
number of deaths on each day of the pandemic.
2. The different parameters of the SEIR model (such as the basic reproduction rate and others) are
optimized, so that the relative error between the real data f1 , · · · , fT and those predicted by the
model is as low as possible.
3. Using the optimized propagation model obtained in the previous step, the prediction accuracy of
the model is adjusted by performing a cross validation with the differences of the real data and the
forecasts given by the model. This adjustment is done through a functional optimization process.
Let us review each of these steps in detail in the particular case where k = 1, i.e. in the case where,
from the official data of the number of deaths f1 , · · · , fT we want to estimate the number of deaths up
to the day (T + 1) which we will denote f˜T +1 .
The starting point is the SEIR model of differential equations [2, 5, 6], which is a variant of the
classical SIR model proposed in [7] by W. O. Kermarck and A. G. McKendrick, in which, given a
population of fixed size N in which an epidemic has been triggered that spreads by contagion in a time
t (measured in days), individuals can be in four different states:
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• Susceptible S(t): number of individuals who can contract the disease.
• Exposed E(t): number of individuals who have been infected but cannot infect.
• Infected I(t): number of infected (each of which can infect β individuals).
• Recovered R(t): number of individuals who have overcome the disease or have died
Considering tI the time that an individual is in the infected phase, that is, the recovery rate is γ := 1/tI ,
t0 the time of beginning of the study and t0 + T the final time, we have the SEIR model:
 0
S (t) = −βI(t)S(t)/N,
t0 < t ≤ t0 + T,


 0

 E (t) = βI(t)S(t)/N − σE(t),
I 0 (t) = σE(t) − γI(t),
(1.1)

0

R (t) = γI(t),



S(t0 ) = S0 , E(t0 ) = E0 , I(t0 ) = I0 , R(t0 ) = R0 ,
where the parameter σ := 1/tE is the incubation rate of the disease and S0 , E0 , I0 and R0 are the
initial data at time t0 . The model considered is similar to the one used in [4] also to model the Covid-19
epidemic, but with a different adjustment to model the influence of containment measures. A relevant
parameter in the study of epidemic propagation is thebasic reproduction rate [2, 6], denoted by R0 ,
which represents the number of new infections produced by a single infected person throughout his
stage of infection, i.e,
β
R0 = = βtI .
γ
It is necessary to modify this classic model to take into account the effects of the containment decreed
by the Spanish Government on 15 March 2020, which means that the containment measures (protection
and isolation) taken mean that the parameter β can change over time. To this end, a new parameter
α ∈ [0, 1] is introduced to represent the influence of containment on the basic reproduction rate (see
[1]), so that
R0 (α) := βα tI where βα := αβ.
Once the type of mathematical model to be considered has been established, [1]shows how, given a
time series f1 , · · · , fT ∈ [0, +∞) corresponding to the (actual) number of cumulative deaths each day
of the pandemic, the different parameters can be optimized to obtain a SEIR model like the previous
one so that the relative error between the actual data f1 , · · · , fT and those predicted by the model for
the same days is as low as possible. In this way, from the time series σ = (f1 , · · · , fT ) ⊆ [0, +∞), a
function φσ : N −→ R4 has been constructed in such a way that
φσ (t) = (S(t), E(t), I(t), R(t)),
so that if the number of deaths on day t is F (t) := τ · R(t), where τ is the proportion of deaths among
those recovered, then the fourth component of the function φ(·) minimizes the error between f1 , · · · , fT
and F (1), · · · , F (T ).
To estimate the reliability of the function φ(·) as a predictor of the value of the number of deaths at
the instant T + 1 (i.e. F (T + 1)), a cross validation procedure is performed as follows: We start from
the time series f1 , · · · , fT ∈ [0, +∞) which corresponds to the (actual) number of cumulative deaths
each day of the pandemic
• For every 1 ≤ i ≤ T − 1 you get a SEIR model optimized φi for the number of deaths given by
the time sub-series σi = (f1 , · · · , fi ), i.e. the fourth component of the function φ(·) minimizes the
error between f1 , · · · , fi and Fi (1), · · · , Fi (i). This optimization procedure is described in [1].
• For each t∗ ≤ i ≤ T − 1, with t∗ ≥ 1, we compare x̂i = Fi (i + 1) − Fi (i) and the official (actual)
number of deaths on day i + 1, i.e., xi = fi+1 − fi .
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Figure 1: Comparison between actual data on deaths and estimates given by the raw SEIR model.
Figure 1 shows the expected increase for the next day (green) and what actually happened (red).
Specifically, in this case, we have chosen t∗ ≡ March 15th and T ≡ April 4th, 2020,, and the curves
indicate the following:
• Red → i front xi = fi+k − fi .
• Green → i front x̂i = Fi (i + 1) − Fi (i).
In view of Figure 1 it appears that the raw φ(·) function was valid as a predictor of the value of the
number of deaths on the following day until March 26th, 2020, although from that moment on the raw
model developed from the SEIR model does not conform to the official data, probably because the model
does not correctly take into account the effects of the confinement decreed by the Spanish government
on March 15th, 2020, and the tightening of the measures taken on March 27th, 2020. At this point,
in addition to abandoning the SEIR modeling work, there are several alternatives for improving the
results, including the following:
• Modify the original SEIR model to more efficiently take into account the containment measures
of March 15th, 2020, and the tightening of the measures taken on March 27th, 2020. This would
mean having a more precise model, although it would increase the number of parameters to be
optimized and therefore the calculation times.
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• Adjust the data given by the optimized SEIR model, so that the values given by the predictor are
adjusted to the real data.
If we follow the second proposal, in Figure 1 we see that the predictor in the considered time window
has two different behaviors:
(i) From 03/15/2020 to (approximately) 03/26/2020: The predictor is essentially consistent with the
actual data. In any case, to adjust the predicted values a little more to the real data, we can
transform them using a function of the form
g1 (x) = x + c,

(1.2)

with c an independent constant (such as c = 100), so if the optimized SEIR model gives us an
estimate x̂i , then we can rescale it giving as an estimate x̃i = g1 (x̂i ).
(ii) From 03/26/2020: The predictor is considerably separated from the actual data and the separation
between them grows as we move away from the day 03/26/2020. If we denote this cut-off point
as to = 26/03/2020, the optimized SEIR model gives us an estimate x̂i para to < i ≤ T − 1 such
that we can adjust, for example, as
x̃i = g2 (x̂i ) = √

x̂i
.
i − to + 1

(1.3)

Figure 2 shows the actual data (in red), the raw prediction given by the optimized SEIR model (in
green) and the prediction given by the rescaled model (in blue, i vs x̃i ) using the g1 (·) functions until
03/26/2020 and g2 (·) from 03/27/2020, showing a considerable improvement in the prediction accuracy.
Therefore, we should choose
f˜T +1 = fT + x̃T = fT + √

x̂T
T − to + 1

as the prediction for T + 1 day.
In this case we see that, if we add up all the deaths from 16/03/2020 to 04/04/2020, both those
that appear in the official data and those predicted by the optimized SEIR model and by the rescaled
optimized SEIR model, then, as shown in Table 2, with the raw SEIR model an accumulated error of
almost 54% is committed, while if the rescaled SEIR model is used the accumulated error is reduced to
2.02%.
Table 1: Comparison of the cumulative number of deaths in both the official data and the models
proposed from 03/16/2020 to 04/04/2020.
N◦ of Deceased Diff. from actual data % error
Actual data
12112
0
0%
Model SEIR raw
18631
6519
53.82%
Model SEIR rescaled
11867
-245
2.02%

Obviously in this introduction we have illustrated in detail the methodology proposed for the prediction of the number of deaths on day T + 1 from the official data on all the previous days, but this
procedure can be optimized and extended both to predictions for a longer horizon and to other parameters (number of infected, hospitalized, number of people hospitalized in Intensive Care Units or
recovered) or other environments (such as different Autonomous Communities), for which the following
observations should be taken into account:
• Both the g1 (·) and g2 (·) functions and the to point can (and should) be optimized, proposing as
families of functions to be optimized
x
f1 (x, t) = x + c,
f2 (x, t) =
,
(t − to + a)b
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Figure 2: Comparison between actual death data, estimates given by the raw SEIR model and predictions given by the SEIR model rescaled using g1 (·) and g2 (·).
being the optimization parameters a, b, c ∈ R and t∗ ≤ to ≤ T − 1.
• In the case that we want to make estimates in higher order horizons (i.e. predictions for T + k,
with any k ∈ N ), we have to take into account that the optimization of the g1 (·) and g2 (·) must
be done for each of the obtained k, , giving different values, as we will see in Section 2.
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Optimal Predictor Setting

Given k ∈ N, , our goal is to obtain a prediction of deaths in time T + k by the method described in
Section1. First, for 1 ≤ i ≤ T , we consider fˆi and fˆi+k the estimates given by the SEIR model optimized
with f1 , f2 , ..., fi and we calculate their difference
x̂i = fˆi+k − fˆi .
From an instant t∗ ∈ [1, T ] (fixed), we define
x̃i = g1 (x̂i ) = x̂i + c para t∗ ≤ i ≤ to
and
x̃i = g2 (x̂i ) =

x̂i
(i − to + a)b

para to < i ≤ T

(2.1)
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for certain parameters a, b, c ∈ R and t∗ ≤ to ≤ T − k, we would like to find these parameters that
minimize
T
−k
X
xi − x̃i
Error =
, con xi = fi+k − fi ,
xi
i=t∗

in order to determine x̃T and, therefore, to obtain the prediction of deaths in an instant T +k as follows:
f˜T +k = fT + x̃T .
Note that these parameters can change according to the k value and the moment T .
Next we illustrate an example considering
k ∈ {1, 2, ..., 7} ,

i = 1 → March 8th

t∗ → March 15th

y

T → April 9th,

providing for each value of k the parameters a, b, c ∈ R and t∗ ≤ to ≤ T −k, as well as giving a prediction
for the 7 days following April 9th. Assuming that the parameters vary as
• a ∈ [0, 1] with step 0.01,
• b ∈ [0, 1] with step 0.01,
• c ∈ [0, 2000] with step 10,
• to varying between March 23 and March (both included).
The results obtained are given in Table 2.
Table 2: The prediction and adjustment parameters for the days between 04/10/2020 and 04/162020.
k
1
2
3
4
5
6
7

a
0.01
0.38
0.47
0.27
0.32
0.18
0.19

b
0.45
0.46
0.53
0.56
0.62
0.64
0.7

c
50
150
300
550
730
1080
1390

to
25/3/20
25/3/20
25/3/20
24/3/20
24/3/20
23/3/20
23/3/20

f˜T +k
16290
16733
16981
17248
17377
17586
17616

Finally, in Figure 3 3 we show only the first adjustment made for k = 1 so that it can be seen much
better and the rest in Figure 4. Keep in mind that, in each of them, the three curves indicate the
following:
• Red → i vs xi = fi+k − fi .
• Green → i vs x̂i = fˆi+k − fˆi .
• Blue → i vs x̃i .
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Figure 4: Optimal Predictor Adjustment for k = 2, 3, ..., 7.
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